We investigate families of finite core vortex quartets in mutual equilibrium in a twolayer quasi-geostrophic flow. The finite core solutions stem from known solutions for discrete (singular) vortex quartets. Two vortices lie in the top layer and two vortices lie in the bottom layer. Two vortices have a positive potential vorticity anomaly while the two others have negative potential vorticity anomaly. The vortex configurations are therefore related to the baroclinic dipoles known in the literature as hetons. Two main branches of solutions exist depending on the arrangement of the vortices: the translating zigzag-shaped hetonic quartets and the rotating zigzagshaped hetonic quartets. By addressing their linear stability, we show that while the rotating quartets can be unstable over a large range of the parameter space, most translating quartets are stable. This has implications on the longevity of such vortex equilibria in the oceans.
I. INTRODUCTION
The notion of heton was introduced by Hogg and Stommel 1 to emphasise the ability of a discrete baroclinic vortex pair to transfer heat. The word 'heton' is indeed derived from word 'heat'. When both the geostrophic and hydrostatic approximations are valid, any vortex of the top (respectively bottom) layer, which has negative (respectively positive) intensity, induces a downward local distortion of the interface between the layers. Such a configuration is referred to as a 'hot heton'. When the sign of the vorticity of each vortex changes, the sign of the curvature of the interface changes as well, and the situation is referred to as a 'cold heton'.
Hetons exist and have been observed in the ocean: they are the association of a surface In this case, the anticyclone lies slightly deeper than the cyclone, in the heton. Such hetons can collide: then, two cyclones or two anticyclones can interact 3 ; for instance, the two anticyclones can merge while the cyclones remain in their periphery or are ejected away 4 .
Such an interaction can create a new heton which can be asymmetric (for instance, the anticyclone is larger and stronger than the cyclone).
The equations of motion of a system of discrete vortices in a two-layer rotating fluid were first obtained by Gryanik 5 and then successfully used in numerous works 1, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
The notion of 'hetonic quartet' was introduced in the literature 16 for four discrete vortices lying in the same vertical plane, in a two-layer flow. Such a hetonic quartet moves at a constant translation velocity in a direction perpendicular to the plane containing the vortices. A structure consisting of four vortices (two hetons) belongs to the class of hetonic quartets only if the distances between the vortices satisfy a special condition, an analog of the dispersion relation in the wave theory. These quartets are referred to as zigzag-shaped translating hetonic quartets 15 . Another form of coplanar configurations of four vortices in equilibrium in a two-layer fluid consist of vortex quartets in solid-state rotation at a constant angular velocity and are referred to as zigzag-shaped rotating hetonic quartets 15 .
In this paper, we extend these results to finite core zigzag-shaped hetonic quartets. We first determine numerically equilibrium states (or V-states) for both rotating and translating vortex quartets. We next address their linear stability. For the sake of completeness, we also address the linear stability of the equivalent discrete quartets. Studying configurations of vortices in mutual equilibrium is essential as they are the only configurations which can persist, if stable, for long times. We show that in the range of parameters investigated, most of the translating quartets are stable, except when the two vortices, lying in different layers, nearer the centre of the structure are almost aligned vertically. The instability is associated with the displacement of the vortices and is captured in the linear stability analysis of both finite core vortices and discrete vortices. On the other hand, the rotating quartets are found unstable over a wider range of parameters. Again, the instability is related to the displacement of the vortices and is captured in the linear stability analysis of both finite core discrete quartets. Interestingly, contrarily to the translating quartets, the rotating quartets are linearly stable if the central vortices are nearly aligned. We finally investigate the nonlinear time evolution of the quartets on a few selected examples.
II. PROBLEM SETUP A. Mathematical and numerical models
The oceans and the atmosphere are relatively shallow layers of stratified fluid where the typical horizontal scales are much larger than the typical height of the fluid. These environments can be conveniently represented by (shallow) horizontal layers of fluid of uniform density each in hydrostatic balance. A flow in such a multi-layer system is governed by the Saint-Venant or shallow water equations 17 . A two-layer system can be seen as the simplest model to take into account the background stable density stratification at leading order.
Large scale oceanic flows are also strongly influenced by the background planetary rotation. For simplicity, we assume a uniform background rotation quantified by the Coriolis frequency f .
We consider here a system of two layers of fluid of equal height at rest
where H is the total fluid height. In all our expressions, the subscript 1 refers to a quantity defined in the top fluid layer while the subscript 2 refers to a quantity defined in the bottom layer. We set H = 1 without loss of generality. The horizontal coordinates (x, y) are normalised by a characteristic length scale L. In practice, L is set to the mean horizontal radius of the finite core vortices, hence the finite core vortices have a non-dimensional radius R = 1. We assume that the difference between the density ρ 1 of layer 1 and ρ 2 the density of layer 2, ρ 2 − ρ 1 = ∆ρ ρ 1 , ρ 2 . We assume that the relative vertical vorticity is small compared to the Coriolis frequency, and that the height perturbation at the interface between the two layers is small compared to the mean height of the layers. Under these assumptions, the dynamics of the flow is well captured by the shallow-water quasi-geostrophic model. The flow can be fully described in terms of potential vorticity (PV) 17 . The quasi-geostrophic PV anomaly q j in layer j is defined by
where ψ j is the streamfunction is layer j and L D = √ g h/f is the Rossby deformation radius.
Here, g = g∆ρ/ρ 1 is the reduced gravity, and g is the gravitational acceleration. Equation (1) shows that PV in layer j depends on the flow in the other layer 3 − j. The flows in layers 1 and 2 are thus coupled. The velocity field u j = (u j , v j ) in layer j derives from the streamfunction ψ j as
We consider an adiabatic and inviscid flow. In this case, PV is materially conserved,
The problem is conveniently decoupled by defining the barotropic streamfunction ψ b associated with the baroclinic PV q b and the baroclinic streamfunction ψ b associated with the barotropic PV q c :
with
where γ = √ 2L/L D . These equations can be formally inverted using the appropriate Green's functions, namely: 
and V = κ 2π
for the translating zigzag-shaped hetonic quartet;
and
for the rotating zigzag-shaped hetonic quartet. It should be noted that the dispersion The remaining of the paper focuses on the finite core equivalents to the discrete equilibria described by the equations (7)-(10). A similar approach was used to determine families of finite core tripolar vortices in a previous work.
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III. V-STATES AND THEIR LINEAR STABILITY
We seek families of zigzag-shaped hetonic quartets spanned by the distance between their inner vortices d, and for four different values of γ = 0.3, 0.5, 0.7, 1.0. The vortices have uniform PV. We could not determine numerically full branches of solutions for γ ≥ 1.2 due to numerical convergence limitations. Without loss of generality, the vortices have mean horizontal radius R = 1, hence an area A = πR 2 = π. Their PV is set to q = ±2π and therefore their surface integrated PV is ±κ = ±qA = ±2π 2 . Figure 2 The discrepancy between the results obtained for finite core vortex equilibria and discrete vortex equilibria is due to the facts that (a) the vortex charge κ is less localised in the finite core problem as the vortices spread over some horizontal distance (their radius R), (b) in particular finite core vortices in different layers may horizontally overlap while the discrete vortices for the same value of (d, b) would still be clearly separated. This is in particular true for the inner vortices when d is small. Recall that equations (7), (9) The velocity of the discrete equilibria is higher than the velocity of the finite core equilibria;
this is attributed to the fact that all the PV is concentrated on singular charges in the discrete approach rather than spread over finite areas.
We next turn our attention to the linear stability of the zigzag-shaped hetonic quartets.
The linear stability of the finite core quartets is examined by analysing the eigenmodes of the individual vortices 26 . We also analyse the linear stability of the discrete equilibria.
To this purpose, we explicitly linearise the equations of motion of the discrete vortices about the equilibrium, with respect to infinitesimal perturbations on the vortices coordinates
. Again, the perturbations are taken as normal modes proportional to e σt . The terms of the linearised equations can be formally expressed by taking second order partial derivatives of the Green's functions (6) . The linearised system leads to a 8 × 8 algebraic eigenvalue problem which is solved numerically.
Linear stability results for the rotating zigzag-shaped hetonic quartets are presented in is neutrally stable as one expects due to the lack of interaction. The discrepancy between the values of σ r is attributed to horizontal spreading and/or to overlapping of the finite-core vortices, as mentioned above. Finally, we note that a similar instability has been observed for three-dimensional quartets in a continuous stratification 32 .
The linear stability of the translating zigzag-shaped hetonic quartets is drastically dif- The growth rate of the instability tends however to 0 as d → 0. This is true for both the finite core and the discrete translating zigzag-shaped hetonic quartets, and the stability results are qualitatively similar for both models. Again, this means that the instability is related to a displacement of the vortices. The main difference between the two cases is that the range of the distance d where the quartets are found unstable is narrower for the discrete vortices for the finite core vortices. The stability threshold d v c for the discrete vortices, for a given γ, is also smaller than d 
IV. NONLINEAR EVOLUTIONS
We next present the nonlinear evolution of the zigzag-shaped hetonic quartets on four selected examples. In the first one we consider the evolution of a finite core rotating zigzag- The simulation was un up to t = 500 120 T trans where no sign of deviation was observed.
Results are presented in figure 11 in a fixed (non-translating) reference frame where the uniform translation of the quartet is made evident. 
V. CONCLUSION
We have numerically determined two new families of equilibrium states (V-states) for finite core rotating and translating zigzag-shaped hetonic quartets. These states stem from the existence of equilibrium solutions for configurations of four co-planar discrete vortices. 
